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The Erd +os–Stone–Simonovits Theorem implies that the Tur!an density of a family
of graphs is the minimum of the Tur!an densities of the individual graphs from the
family. It was conjectured by Mubayi and R .odl (J. Combin. Theory Ser. A,
submitted) that this is not necessarily true for hypergraphs, in particular for triple
systems. We give an example, which shows that their conjecture is true. # 2002 Elsevier
Science (USA)
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An r-uniform hypergraph is an r-graph; 3-graphs are usually called triple
systems as well. For a family of r-graphsF the extremal number exðn;FÞ is
the maximum possible number of edges in a (simple) r-graph on n vertices
that does not contain any member of F: The Tur !an density of a family of
r-graphs F on n vertices is
pðn;FÞ ¼ exðn;FÞ=ðn
r
Þ: ð1Þ
The Tur !an density of a family of r-graphs F is
pðFÞ ¼ lim
n!1 pðn;FÞ: ð2Þ
It is well known that this limit exists as the sequence pðn;FÞ is monotone
decreasing (see Lemma 2).
For r ¼ 2; the Erd +os–Stone–Simonovits Theorem gives that the Tur!an
density of a graph family F is pðFÞ ¼ 1 1=p; where
p ¼ min
F2F
wðFÞ  1;176
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NOTE 177and wðFÞ denotes the chromatic number of the graph F : From this follows
that for F ¼ fF1;F2; . . .g we have pðFÞ ¼ minFi2F pðFiÞ:
The aim of this note is to show an example that the triple systems does not
have this phenomenon, as was conjectured by Mubayi and R .odl [2].
Conjecture (Mubayi and R .odl [2]). (i) There is an integer k and a
family of triple systems F ¼ fF1;F2; . . . ;Fkg such that
pðFÞ5min
Fi
pðFiÞ: ð3Þ
(ii) This is even true for k ¼ 2:
Unfortunately we could not prove the existence of such a family for k ¼ 2:
In the next section we shall describe a construction, which proves (i). In the
last section we shall have some more remarks on the Tur!an density of triple
systems.
2. CONSTRUCTION
We need some more deﬁnitions. For a graph or hypergraph G let EðGÞ
denote the edge set of G and VðGÞ the vertex set of G: We call a 3-graph
a ð1; 2Þ-graph if the vertices of the 3-graph can be partitioned into
two classes A;B such that any edge E of the 3-graph satisﬁes jA \ Ej ¼ 1
and jB \ Ej ¼ 2: Let Fk;‘ denote the complete (containing all possible
edges) ð1; 2Þ-graph with jAj ¼ k and jBj ¼ ‘: Then jEðFk;‘Þj ¼ kð‘2Þ: For
n ¼ kþ ‘ this is maximal when k ¼ n=3 and ‘ ¼ 2n=3: From this, one
can get that the maximal density of ð1; 2Þ-graphs is 4=9þ oð1Þ: Let H
denote the family of all (ﬁnite) 3-graphs which are not subgraphs of
any ð1; 2Þ-graph. For any 3-graph H inH; we have that H 6 Fk;2k for any
k: In other words, every 3-graph H 2H has large Tur!an density:
pðHÞ54
9
:
Let K4 denote the (up to isomorphism unique) 3-graph on 4 vertices and
3 edges. Frankl and F .uredi [1] showed that pðK4 Þ527:
We shall show that ðK4 ;HÞ is a family whose Tur!an density smaller than
the Tur!an density of any member of the family.
Theorem 1.
pðK4 ;HÞ ¼ 29:
Proof. Let us ﬁx (a large) integer n; and denoted by Gn an extremal 3-
graph for fK4 ;Hg: We shall count the number of the edges of Gn: In the
NOTE178following, one can get that
jEðGnÞj5 n
3
j k nþ 1
3
 
nþ 2
3
 
; ð4Þ
since if we partition the vertices of Gn into 3 classes as equally as possible,
and put all the edges which intersect with each of the classes, then we get a
fK4 ;Hg-free 3-graph with edge cardinality equal to the right-hand side of
(4). We shall show that actually this construction is best possible and in (4)
we have equality. Note that the graph deﬁned above is not a unique
extremal 3-graph for the set fK4 ;Hg:
Let us turn our attention to the upper bound on the number of edges of
Gn: The 3-graph Gn must be a ð1; 2Þ-graph, otherwise, as H is forbidden,
any G which is not a ð1; 2Þ-graph, in particular Gn is forbidden. Hence there
is a partition of the vertices of Gn into two classes A and B such that for any
edge E of Gn satisﬁes that jA \ Ej ¼ 1 and jB \ Ej ¼ 2: Let x be any vertex
of A: Let Lx be the so-called link graph of x in Gn with VðLxÞ ¼
VðGnÞ  fxg and EðLxÞ ¼ fyz : xyz 2 EðGnÞg: Observe that as x 2 A; we
have that all vertices of VðLxÞ \ A are isolated in Lx: Furthermore Lx is a
triangle-free graph, because if u; v and w is a triangle in Lx; then in Gn the
vertices x; u; v;w spans at least 3 edges forming a K4 : Hence by Tur!an’s
Theorem we can give an upper bound on the number of the edges of Lx:
jEðLxÞj4 jBj
2
  jBj
2
 
:
Summing this for all x 2 A we get
jEðGnÞj ¼
X
x2A
jEðLxÞj4jAj jBj
2
  jBj
2
 
: ð5Þ
This cannot be more than the lower bound given by (4). Putting these
together we get
pðK4 ;HÞ ¼ limn!1
n
3
j k nþ 1
3
 
nþ 2
3
 
n
3
 !,
¼ 2
9
: ] ð6Þ
In this construction the forbidden family contained inﬁnity many 3-
graphs. We modify the construction to contain only ﬁnitely many 3-graphs.
For this, we state (and) prove a lemma from the folklore.
NOTE 179Lemma 2. Let F be any forbidden family, and let
pðn;FÞ ¼ exðn;FÞðn
3
Þ :
Then pðn;FÞ is a monotone decreasing sequence. In particular, as these
numbers are non-negative, the limit pðFÞ ¼ lim pðn;FÞ exists.
Proof. Easy to check the following inequality: (Take an extremal 3-
graph on nþ 1 vertices. Deleting a vertex from it we get a 3-graph with at
most exðn;FÞ edges. Doing this for all the nþ 1 vertices we count each edge
n 2 times.)
exðn;FÞ
n 2 5
exðnþ 1;FÞ
nþ 1 : ð7Þ
Dividing both sides by nðn 1Þ=6 we get pðn;FÞ5pðnþ 1;FÞ: ]
LetHn denote the family of all ð1; 2Þ-graphs on at most n vertices. Using
(5), for n ¼ 13 and jAj ¼ 1; 2; . . . ; 13; we get that the left-hand side is at most
80; (and this can be reached) hence we have that exð13; fK4 ;H13gÞ ¼ 80;
Therefore,
pðK4 ;H13Þ4pð13; fK4 ;H13gÞ ¼ 80=ð133 Þ5 27:
Hence we have that fK4 ;H13g works as a ﬁnite forbidden family as well.
Putting a little more effort, we can get that fK4 ;H10g works as well.
Similarly, as in case n ¼ 13 we can get exð10; fK4 ;H10gÞ ¼ 36: Using the
fact that exðnþ 1;FÞ is always an integer, we can modify (7):
exðnþ 1;FÞ4 n 2
nþ 1 exðn;FÞ
 
: ð8Þ
Using that exð10; fK4 ;H10gÞ ¼ 36; and applying (8) several times we get
that exð32; fK4 ;H10gÞ41417; and
pðK4 ;H10Þ4pð32; fK4 ;H10gÞ41417=ð323 Þ5 27:
To summarize, our smallest construction for the forbidden family consists
of K4 and the familyH10: Although it is an explicit family, its cardinality is
not immediately obvious. A different and perhaps interesting question is:
‘‘Among the 3-graphs on n vertices which are not ð1; 2Þ-graphs, how many
minimal graphs are there?’’ This forbidden family is seems to be large, and it
is probably not very hard to ﬁnd 5–6 hypergraphs which already force the
extremal number on 10 vertices up to 36 (which would be enough for our
NOTE180purposes). However, we believe that the next really interesting question in
the topic is to reduce the size of the forbidden family to 2; i.e., to solve the
second part of the conjecture of Mubayi and R .odl [2].
3. COMPUTER IMPROVED BOUND
Let C5 denote the 3-graph 123; 234; 345; 451; 512 on ﬁve vertices. Mubayi
and R .odl [2] proved that
0:4644pðC5Þ40:586: ð9Þ
They conjectured that their construction (for the lower bound) is extremal.
Using computer (CPLEX, AMPL integer programming), we found that up
to 10 vertices it is true. In particular we get that exð10;C5Þ ¼ 71: Using (8)
many times we get that pðC5Þ40:575757 . . . ; which improves just a little
bit (9).
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